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We derive a stochastic model associated with a fully nondiagonal system
of parabolic equations{

u1
t = [u1(u1 + u2)x]x + (1− u1 − u2)u1, u1(0, x) = u1

0(x)
u2
t = [u2(u1 + u2)x]x + γ(1− u1 − κu2)u2, u2(0, x) = u2

0(x),
(1)

that arises as a mathematical model of cell growth under inhibition [1]. To
this end we consider a system of stochastic equations and prove that their
solution allow to construct a probabilistic representation of a generalized
solution to the Cauchy problem (1).

Let ut =
∂u
∂t , ux = ∂u

∂x , t ≥ 0, x ∈ R, H1
T = {u ∈ L2([0, T ] × R;R) : ux ∈

L2([0, T ] × R;R)}, D be the Schwartz space of test functions and ⟨u, h⟩ =∫
R
h(x)u(x)dx.
We say that pair of scalar functions uq ∈ H1

T× ∈ H1
T , q = 1, 2, is a

weak ((regular weak) solution of (1), provided uq
x ∈ L2

loc([0, T ] × R), (uq
x ∈

L2
loc([0, T ] × R) ∩ C1,2([0, T ] × R)) and for arbitrary test functions hq(t) ∈

H1([0, T ];D)

⟨u1(t), h1(t)⟩ −
∫ t

0

⟨u1(θ), h1
θ(θ)⟩dθ +

∫ t

0

⟨[u1
x(θ) + u2

x(θ)], h
1
x(θ)⟩ dθ

= ⟨u1(0), h1(0)⟩+
∫ t

0

⟨u1(θ)(1− u1(θ)− u2(θ)), h1(θ)⟩dθ, (2)

⟨u2(t), h2(t)⟩ −
∫ t

0

⟨u2(θ), h2
θ(θ)⟩dθ +

∫ t

0

⟨[u2
x(θ) + u1

x(θ, x)], h
2(θ)⟩ dθ

= ⟨u2(0), h2(0)⟩+
∫ t

0

⟨u2(θ)γ(1− u1(θ)− κu2(θ)), h2(θ)⟩ dθ. (3)

Given a probability space (Ω,F , P ) and standard independent Wiener
processes wq(t) ∈ R, we consider stochastic equations for 0 ≤ t ≤ θ ≤ T < ∞,
q = 1, 2,

dξq(θ) = −mq
{u1,u2}(θ, ξ

q(θ))dθ−M{u1,u2}(θ, ξ
q(θ))dwq(θ), ξq(t) = x, (4)

where m1
{u1,u2}(t, x) = (u1(t, x) + u2(t, x))

u1
x(t,x)

u1(t,x) , m
2
{u1,u2}(t, x) = (u1(x) +

u2(x))
u2
x(t,x)

u2(t,x) and M{u1,u2}(t, x) =
√
2(u1(t, x) + u2(t, x)).



Let uq, q = 1, 2, be regular weak solutions of (1), with uq
0 ∈ C2+ϵ, ϵ > 0,

and uq
0 ≥ ϖ > 0. Under this assumption coefficients in (4) satisfy conditions

of the classical existence and uniqueness of SDE solutions and hence there
exist ξqt,x(θ) satisfying to (4).

Given f1 = 1 − u1 − u2, f2 = γ(1 − u1 − κu2), by the Feynman -Kac
formula we obtain

h1(t, x) = E

[
exp

{∫ T

t

f1(u
1(θ, ξ1t,x(θ)), u

2(θ, ξ1t,x(θ)))dθ

}
h1
0(ξ

1
t,x(T ))

]
,

h2(t, x) = E

[
exp

{∫ T

t

f2(u
1(θ, ξ2t,x(θ)), u

2(θ, ξ2t,x(θ)))dθ

}
h2
0(ξ

2
t,x(T ))

]
define the classical solution of the Cauchy problem

h1
θ+[u1+u2]h1

xx+(u1+u2)
u1
x

u1
h1
x+(1−u1−u2)h1 = 0, h1(T, x) = h1

0(x) (5)

h2
θ+[u1+u2]h2

xx+(u1+u2)
u2
x

u2
h2
x+γ(1−u1−κu2)h2 = 0 h2(T, x) = h2

0(x),

(6)
provided h1

0, h
2
0 are smooth and bounded. Our main result is the following.

Theorem.Assume that u1
0, u

2
0 ∈ H1∩C2 and there exists a unique regular

weak solution (u1, u2) of the Cauchy problem (1) such that u1(t), u2(t) ∈
H1

T ∩ C2(Rd). Let the processes ξ1(t),ξ2(t) satisfy (4), while ξ̂1(t), ξ̂2(t)
be the correspondent time reversal processes (see [2]). Then, for any test
functions h1, h2 functions

uq(t, x) = Et,x

[
exp

{∫ t

0

fq(ξ̂
q(θ))dθ

}
uq
0(ξ̂

q(t))

]
, q = 1, 2, (7)

satisfy integral identities (2), (3)and hence give a probabilistic representation
of a weak solution (u1, u2) to (1).

The financial support of RFBR Grant 12-01-00457 and Minobrnauki project

1.370.2011 is gratefully acknowledged.

Keywords: systems of quasilinear parabolic equations, diffusion processes

References:
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