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This paper contributes to the development of a unifying perspective be-
tween copulas and false discovery rate (FDR) control — the control of the
expected proportion of errors among the rejected hypotheses — in multi-
ple testing with dependent test statistics. Indeed, despite the fact that test
statistics dependence plays a fundamental role in multiple testing, the possi-
bility of using copulas to characterize this dependence in a multiple testing
framework remains largely unexplored: only Cerqueti et al. (2011, 2012),
Dickhaus and Gierl (2012) and Bodnar and Dickhaus (2013) studied this
topic in some detail.

The statistical relevance of FDR control procedures is grounded on the
fact that the risk of falsely rejecting true null hypotheses increases dramat-
ically when many hypotheses are tested simultaneously. Procedures which
control the FDR ensure that the fraction of falsely rejected hypotheses over
total rejections remains on average below a pre-specified level q ∈ (0, 1).
Benjamini and Hochberg (1995) proposed the first such procedure for inde-
pendent test statistics, which was labelled BH after the names of its authors.
Later, a number of contributions appeared in the literature dealing with FDR
control under dependence assumptions. In particular, Benjamini and Yeku-
tieli (2001) proved that the original BH procedure can be used to control
the FDR not only in the presence of independent test statistics, but also in
the case of positively dependent ones. Lately, Yekutieli (2008) proposed the
general but less conservative separate subsets BH (ssBH) procedure.

We develop formal arguments to characterize the relationship between
FDR control and the dependence properties of the underlying individual test
statistics, when either the BH or the ssBH procedure is used. To achieve our
aim, we model the stochastic dependence among the test statistics through
the introduction of suitable families of copulas.

It is worth noting that there are several potential benefits from employing
copulas in a multiple testing framework to describe the dependence structure
of the individual test statistics:

• the introduction of copulas leads to dependence concepts more general
than Pearson’s correlation or those based on linearity;

• Sklar’s Theorem (Sklar, 1959) allows one to obtain the joint distribu-
tion of a multivariate test through copulas by the knowledge of the
marginals;

• the adoption of copulas improves parameters estimation procedures;



• dependence structures described by copulas are quite easy to be iden-
tified.

In order to let the analysis be as general as possible, we consider a non-
exchangeable set of test statistics, allowing for exchangeability only within
peculiar subsets of the statistics. More specifically, we start from the bi-
variate symmetric case; then we move to the case where exchangeability is
allowed only within subsets of the test statistics corresponding to the true
null hypotheses; finally, we generalize the discussion with reference to a fam-
ily of multivariate asymmetric copulas. Hence, the framework adopted in the
paper allows us to deal with FDR control in multiple testing in the relevant
case of heterogeneity, to be intended as highly diversified dependence struc-
tures and coexistence of positive and negative pairwise correlations between
the involved individual test statistics.
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