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We derive a stochastic model associated with a fully nondiagonal system
of parabolic equations

{u} = [ul(u! + u?)]e + (1 —ul —w?)ut, w*(0,2) = u}(z) (1)
u? = [u(u! + u?)p)e +7(1 —ul — ku?)u?, ©?(0,2) = ud(z),

that arises as a mathematical model of cell growth under inhibition [1]. To
this end we consider a system of stochastic equations and prove that their
solution allow to construct a probabilistic representation of a generalized
solution to the Cauchy problem (1).

Let up = 9%, u, = 9%, ¢t > 0,2 € R, HYy = {u € L*([0,T] x R;R) : u, €
L?([0,T] x R;R)}, D be the Schwartz space of test functions and (u,h) =
Jg h(@)u(x)dz.

We say that pair of scalar functions u? € Hix € Hi,qg = 1,2, is a
weak ((regular weak) solution of (1), provided ud € L% ([0,T] x R), (ud €
L% ([0,T] x R) N CY2([0,T] x R)) and for arbitrary test functions hi(t) €
H'([0,T]; D)

k1), (1)) - / (u}(6), h3(6))d6 + / ([u2(60) + u2(0)], hL(9)) db

= <u1(0)»h1(0)>+/0 (! (O)(1 = u'(0) — u?(6)), h'(9))df, (2)

t t

<u2(9),h3(9)>d9+/0 ([u2(0) + ug (0, 2)], h*(6)) df

(w2 (), K (1)) — /

0
— (u(0), h2(0)) + / (W2 (O)1(1 - u'(0) - ku®(0)), 2(0)) b, (3)

Given a probability space (2, F, P) and standard independent Wiener
processes wi(t) € R, we consider stochastic equations for 0 < ¢ <0 < T < o0,
qg=12

g (0) = =mi,1 ,2y(0,67(0))dO0 — My 21(0,€7(0))dw?(0),  €7() =, (4)

1 — (] 2 ug(ta) 2 — (]
where my 1 oy (@) = (u'(t,2) +u (t7x))uf(t7m), My 2y (@) = (u' (@) +
u?(2)) 8 and My o (t ) = /2ul(t, 2) + 62(E ).

u?(t,z)




Let u?, ¢ = 1,2, be regular weak solutions of (1), with ug € C**¢, ¢ > 0,
and ud > @ > 0. Under this assumption coefficients in (4) satisfy conditions
of the classical existence and uniqueness of SDE solutions and hence there
exist & ,(0) satisfying to (4).

Given f; = 1 —ul —u?,  fo = y(1 — u! — ku?), by the Feynman -Kac
formula we obtain

h(t,z) = E

)

T
exp { /t f1 (u1(9,ftl,z(9)),u2(9,éi,m(ﬂ)))cw} ho (& +(T))

Ri(t,z) = E

exp {/t fz(u1(9,f?,z(H)),u2(9,§?,z(9)))d9} hg(&+(T))

define the classical solution of the Cauchy problem

1
h5+[u1+u2]h;x+(u1+u2)%h;+(1—ul—u2)h1 =0, hYT,z)=hi(z) (5)

2
h3 + [ut +u?h2, + (ut —i—u%%hi +y(1—u! —ku?)R? =0 R*(T,z) = hi(x),
(6)
provided h{, h2 are smooth and bounded. Our main result is the following.
Theorem. Assume that ul,u3 € H'NC? and there exists a unique reqular
weak solution (u',u?) of the Cauchy problem (1) such that u'(t),u*(t) €
HE N C2(RY). Let the processes £1(t),62(t) satisfy (4), while £X(t), £2(t)
be the correspondent time reversal processes (see [2]). Then, for any test
functions h', h? functions

it = B o { [ r@onanbg@n]. a=12 @

satisfy integral identities (2), (3)and hence give a probabilistic representation
of a weak solution (u',u?) to (1).
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